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Mixmaster Revisited: Wormhole Solutions to the Bianchi IX Wheeler-DeWitt
Equation using the Euclidean-Signature Semi-Classical Method
Joseph H. Bae
Department of Physics, Yale University, New Haven, CT 06520, USA.
(Dated: July 11, 2018)
A modified semi-classical method is used to construct both ground and excited state solutions to
the canonically quantized vacuum Bianchi IX (Mixmaster) cosmological models. Employing a modi-
fied form of the semi-classical Ansatz we solve the relevant Wheeler-DeWitt equation asymptotically
by integrating a set of linear transport equations along the flow of a suitably chosen solution to the
corresponding Euclidean-signature Hamilton-Jacobi equation. For the Moncrief-Ryan (or ‘worm-
hole’) Hamilton-Jacobi solution, we compute the ground state quantum correction term associated
with operator ordering ambiguities and show how higher order correction terms can be computed.
We also determine the explicit, leading order forms of a family of excited states and show how to
compute their quantum corrections as smooth, globally defined functions on the Bianchi IX min-
isuperspace. These excited state solutions are peaked away from the minisuperspace origin and are
labeled by a pair of positive integers that can be plausibly interpreted as graviton excitation num-
bers for the two independent anisotropy degrees of freedom. The Euclidean-signature semi-classical
method used here is applicable to more general models, representing a significant progress in the
Wheeler-DeWitt approach to quantum gravity.
PACS numbers: 04.60.-m,04.60.Ds,04.60.Kz
INTRODUCTION
The vacuum diagonalized Bianchi IX cosmological
models (or the Mixmaster models) were first studied
by Belinsky, Khalatnikov and Lifshitz (BKL) to investi-
gate cosmological singularities [1]; and also by Misner,
who used the Hamiltonian approach for the study of
its dynamics and was the first to consider its quantiza-
tion [2, 3]. Classically, the Mixmaster models are charac-
terized by a point in (α, β+, β−)-space, where {α, β+, β−}
are the Misner variables. The scale parameter α(t) gives
the size of the three-dimensional hyper surface relative
to its initial size l0; the anisotropy parameters β+(t) and
β−(t) describe the anisotropy of the hyper surface. To-
gether, they define the Bianchi IX minisuperspace. The
classical trajectory of the system in the minisuperspace is
fraught with caustics and is thought to be chaotic [4, 5].
This presents a serious problem in trying to solve the
relevant Wheeler-DeWitt equation by conventional semi-
classical methods. Moreover, there is an operator order-
ing ambiguity once the canonical variables and momenta
are promoted to quantum operators. Bianchi IX models
have been studied in the contexts of homogeneous rela-
tivistic cosmologies and supergravity [6–15], in Euclidean
signature settings [16], or with local approximations to
the full Bianchi IX potential [17]. So far, there has not
been a semi-classical quantization scheme for the vacuum
Bianchi IX models that both accommodates operator or-
dering ambiguities and yields globally defined functions
as fundamental solutions to the Hamilton-Jacobi equa-
tion and its quantum corrections. In this paper, we em-
ploy a modified semi-classical method to calculate ground
and excited state solutions and their quantum correction
terms that are both globally defined on the Bianchi IX
minisuperspace and are valid for a class of operator or-
dering ambiguities in the Wheeler-DeWitt equation.
This paper is organized as follows: first, we review
the canonical quantization of the diagonalized Bianchi
IX models in the absence of matter fields, outlining how
we obtain the Hamiltonian constraint and the relevant
Wheeler-DeWitt equation. Next, we present the modi-
fied semi-classical method as developed by Moncrief et
al. [18], and show how it can be modified further to
apply to the vacuum Bianchi IX Wheeler-DeWitt equa-
tion. Choosing the Moncrief-Ryan (or ‘wormhole’) so-
lution of the Euclidean-signature Hamilton-Jacobi equa-
tion, we outline the computation of quantum correction
terms to the ground and excited state solutions. The
more mathematically technical properties of these quan-
tum corrections—their existence to all orders in ~ and
global smoothness on the associated minisuperspace—
are under independent investigation, through the use of
microlocal analytical methods [19], by V. Moncrief [20].
I. METHOD
A. Diagonalized Bianchi IX Line Element
We set c = 1 but retain all powers of ~ and G through-
out. In these units, the Planck length satisfies lP
2 = ~G.
It is well-known that in the absence of matter sources for
the Einstein equations, the Mixmaster spacetime metric
can always be put into diagonal form. Write the diag-
onalized vacuum Bianchi IX line element using Misner
variables {α, β+, β−} [2]:
ds2 =(4)gµν dx
µ dxν
ds2 =−N2 dt2 + l0
2
6π
e2α
(
e2β
)
ij
σiσj ,
(1)
2where {xµ} = {t, θ, φ, ψ} with t ∈ R; N(t)
is the lapse function;
(
e2β
)
ij
is a 3 × 3 matrix
diag( e2β++2
√
3β− , e2β+−2
√
3β− , e−4β+); and σi’s are the
invariant differential one-forms on the S3 manifold, sat-
isfying dσi = 12ǫijkσ
j ∧ σk [21]. The one-forms can be
represented using 3-1-3 Euler angles {θ, φ, ψ} [6]:
σ1 =cosψ dθ + sinψ sin θ dφ
σ2 =sinψ dθ − cosψ sin θ dφ
σ3 =dψ + cos θ dφ.
(2)
From the line element above, we compute the canonical
4-volume measure and the scalar curvature of the metric
(4)gµν :
√−g = N sin θ r3e3α, (3)
(4)R =− 6N˙α˙
N3
+
6
N2
(
2α˙2 + α¨+ β˙+
2 + β˙−2
)
− e
−2α
2r2
(
Tr
(
e4β
)
− 2Tr
(
e−2β
))
,
(4)
where for convenience, we have defined r = l0√
6pi
. We
will see later that the last term of (4)R gives rise to the
‘potential term’ V (β±) in the Wheeler-DeWitt equation:
V (β±) =13
(
Tr
(
e4β
)− 2Tr( e−2β))
=13e
−8β+ − 43 e−2β+ cosh 2
√
3β−
+ 23 e
4β+
(
cosh 4
√
3β− − 1
)
.
(5)
We note here that in some other works (for example, in
[6]) the definition of V (β±) differs by +1.
B. ADM Hamiltonian Formulation
Write the Einstein-Hilbert action, evaluated on do-
mains of the form Ω = S3 × I, with I := [a, b] ⊂ R:
SEH =
1
16πG
∫
Ω
d4x
√−g (4)R. (6)
Since the integrand is a function of t only, we can carry
out the integration over the angular coordinates {θ, φ, ψ}:
∫
Ω
d4x
√−g(4)R = r3
∫
S3
sin θ dθ dφdψ
∫
I
N e3α (4)R dt
= 16π2r3
∫
I
N e3α (4)R dt.
(7)
Integrating by parts the α¨ term in (4)R, we write the
ADM action that differs from the Einstein-Hilbert action
by an additive boundary term [22, 23]:
SEH =SADM +
[
α˙ e3α
N
]b
a
SADM =
πr3
G
∫
I
dt
{
6 e3α
N
(
− α˙2 + ˙β+2 + ˙β−2
)
− N e
α
2 r2
(
Tr
(
e4β
)
− 2Tr
(
e−2β
))}
.
(8)
Constructing the Lagrangian from SADM =
∫
L dt, we
define conjugate momenta pα and p± (dimension [~]) in
the usual way:
pα =
∂L
∂α˙
= −12π r
3e3α
NG
α˙
p± =
∂L
∂ ˙β±
=
12π r3e3α
NG
β˙±.
(9)
Varying the ADM action (expressed in terms of the
Hamiltonian H⊥) with respect to the lapse N gives us
the Hamiltonian constraint equation H⊥ = 0:
SADM =
∫
dt
{
pαα˙+ p+β˙+ + p−β˙− −NH⊥
}
, (10)
H⊥ = G e
−3α
24pi r3
[
p · p+ l04G2 e4αV (β±)
]
= 0. (11)
Note that we use the (−++) ‘super-metric’ notation to
simplify notation throughout. In this notation, the wave
operator is:
 = − ∂
2
∂α2
+
∂2
∂β2+
+
∂2
∂β2−
(12)
C. The Wheeler-DeWitt Equation
Following Dirac [24, 25], we promote the Hamiltonian
constraint to an operator acting on wave function Ψ, and
write the Wheeler-DeWitt Equation for the diagonalized
Bianchi IX models:
Hˆ⊥Ψ =
G e−3α
24πr3
[
pˆ · pˆ+ l0
4
G2
e4αV (β±)
]
Ψ = 0. (13)
As pˆα, pˆ+, and pˆ− are operators realized by −i~∂α,
−i~∂β+ , and−i~∂β− respectively, the factor e−3α may be
ordered with pˆα in different ways. We follow the ordering
parametrization first suggested by Hartle and Hawking
[26], and write e−3αpˆ2α as:
e−3αpˆ2α = −~2 e−(3−B)α∂α
(
e−Bα∂α
)
= −~2 e−3α∂2α + ~2B e−3α∂α.
(14)
Leaving in the operator ordering parameter B means we
can study a family of different operator orderings at once;
later, we will see that the quantum correction terms to
the ground and the excited state solutions depend criti-
cally on the value of B.
3Before we delve into presenting our Modified Semi-
classical quantization scheme, we wish to set our cur-
rent work in its context. The canonical formalism was
set up in the late 1960s by the seminal works of B. De-
Witt, C. Misner, and J. Wheeler [22, 27, 28]. In writ-
ing the Wheeler-DeWitt equation, they constructed the
wave function of the model universe Ψ and the con-
straint equation that Ψ must satisfy due to the under-
lying coordinate invariance of gravity (we will not talk
about the three momentum constraints in this paper,
as we are dealing with diagonalized vacuum Bianchi IX
models). The Wheeler-DeWitt equation (the quantized
Hamiltonian constraint) is a second-order partial differ-
ential equation for the wave function that expresses time-
reparametrization invariance. Its form seems to imply
that the wave function is static; this is the ‘problem of
time’ in canonical quantum cosmology. One of the ways
of working around this problem is to conclude that the
actual temporal evolution must be measured, not with
respect to some external ‘time’ parameter, but rather
with respect to some internal ‘clock’ variable contained
within the system. In other words, the Wheeler-DeWitt
equation is to be interpreted in terms of correlations be-
tween a ‘system’ and a ‘clock’. Much work has been done
in semi-classical cosmology by applying this approach to
k = 1 FRW models coupled to a massive scalar field [29–
33]. In the case of our vacuum Bianchi IX universes, the
most obvious candidate for such a clock variable is the
dimensionless scale parameter α. Classically, α evolves in
a monotonic fashion from the ‘big bang’ at a finite time
in the past (when α = −∞), to a moment of maximal
volume (when α˙ = 0), and again decreases monotonically
to a ‘big crunch’ at a finite time in the future (when again
α = −∞) [34, 35]. Thus, α could act as a clock variable
as long as we can limit our analysis to the expansion
phase.
However, the Mixmaster Wheeler DeWitt equation
does not have Schro¨dinger form; rather, it takes the form
of a Klein-Gordon type equation, in that it is second or-
der in all variables including α, our clock variable, with
a Lorentzian ‘super-metric’. This means that many of
the usual constructions of quantum mechanics such as
eigenvalues and eigenfunctions, and the conservation in
‘time’ of ‘probability measures’ do not apply. When all
of our ‘eigenvalues’ of Eq. (13) are identically zero, can
we expect to find the discrete solutions of the Mixmaster
Wheeler-DeWitt equation? This was a question asked
some fifty years ago; and one of the main results of this
paper is to show the spectrum of discrete solutions ex-
plicitly by applying the modified semi-classical approach
to the vacuum Bianchi IX Wheeler-DeWitt equation.
D. Modified Semi-Classical Method
In their 2012 paper [18] on “Modified Semi-Classical
Methods for Nonlinear Quantum Oscillations Prob-
lems”, Moncrief et al. develop a modified semi-classical
approach to find the approximate solutions of the
Schro¨dinger equation for systems with nonlinear quan-
tum oscillators. This method involves writing the Ansatz
for the ground state wave function in the form:
Ψ = e−S~/~, (15)
where S~ is expanded out in powers of X = (lP /l0)
2 =
~G
l02
:
S~ =
l0
2
G
(
S(0) +XS(1) +
X2
2!
S(2) + . . .
)
. (16)
By writing the Ansatz in the above way, at lowest order,
the conventional Hamilton-Jacobi equation is replaced
by one with an inverted potential. With certain con-
vexity and coercivity properties imposed on the nonlin-
ear potential, the authors prove that a global, smooth
‘fundamental solution’ to this equation exists, and that
higher order quantum corrections to it can be calculated
through the integration of linear transport equations de-
rived from the Schro¨dinger equation. When applied to
the one-dimensional anharmonic oscillator problems, this
method was found to produce results that agree with
those given by the conventional Rayleigh/Schro¨dinger
perturbation theory for the energy eigenvalues. Remark-
ably, this method was found to yield wave functions that
more accurately capture the more-rapid-than-gaussian
decay known to hold for the exact solutions to these
problems. In this present paper, the Wheeler-DeWitt
equation for the Bianchi IX models in the absence of
matter is solved semi-classically using the same Ansatz
as above. However, for the reasons alluded to in the pre-
vious section, the overall method needs to be tailored to
our Wheeler-DeWitt equation, as shown below. A more
mathematical treatment of how the method of Ref. [18]
differs from the one used in this work is given in Ref.
[20].
E. The Transport Equations
We plug in the modified semi-classical Ansatz for the
ground state solution (15)−(16) into the Wheeler-DeWitt
equation (13):
~S~ +B~
∂S~
∂α
−∇S~ ·∇S~ +
(
l0
lP
)4
~
2 e4αV (β±) = 0.
(17)
Collecting all the terms of Eq. (17) that have the same
power of X = ~Gl02 , we obtain the Euclidean-signature
Hamilton-Jacobi equation (for k = 0) and the set of
transport equations for the kth quantum correction terms
(for k ≥ 1):
−∇S(0)·∇S(0) + e4αV (β±) = 0. (k = 0)(18)
kS(k−1) +Bk
∂S(k−1)
∂α
−
k∑
n=0
(
k
n
)
∇S(n)·∇S(k−n) = 0. (k ≥ 1).
(19)
4Given a suitably chosen solution S(0) of Eq. (18), we can
integrate Eq. (19) along the flow of S(0) order by order
in X and calculate the quantum correction terms S(k) to
any precision we require. The methods of [18], slightly
modified, can be used to prove the existence of globally
smooth solutions to these equations to all orders [20].
F. Euclidean-signature Hamilton-Jacobi Equation
The zeroth-order transport equation (18) is the
Euclidean-signature Hamilton-Jacobi equation. To see
this, consider the same ADM Hamiltonian formalism ap-
plied to a Euclidean-signature metric of the diagonalized
Bianchi IX:
ds2
∣∣∣∣
Euc.
= +N2 dt2 +
l0
2
6π
e2α
(
e2β
)
ij
σiσj . (20)
In this case, we end up with the same classical Hamilto-
nian constraint as before, but with the opposite sign in
front of the “kinetic part” involving conjugate momenta:
HEuc. =
G e−3α
24πr3
[
− p · p+ l0
4
G2
e4αV (β±)
]
= 0. (21)
To write the Euclidean-signature Hamilton-Jacobi equa-
tion, we replace pq with
l0
2
G
∂S(0)
∂q :
G e−3α
24πr3
( l02
G
)2[
−∇S(0)·∇S(0) + e4αV (β±)
]
= 0. (22)
Hence, substituting the modified Ansatz into Lorentzian-
signature Bianchi IX Wheeler-DeWitt equation results
in (at the classical level) the Euclidean-signature (or ‘in-
verted potential’) Hamilton-Jacobi equation. Eq. (22)
has been solved by others in different contexts [7, 36].
Several different solutions to Eq. (22) exist, such as the
Hartle-Hawking ‘no boundary’ solution [37]. In this pa-
per, we limit our scope to the fundamental solution found
by Moncrief & Ryan [36], which is often referred to as the
‘wormhole’ solution [13]:
S(0) =
1
6 e
2α+2β+
(
e−6β+ + 2 cosh2
√
3β−
)
. (23)
The advantage of using the ‘wormhole’ fundamental so-
lution is that we can solve for the explicit T -dependence
of the Misner variables. While this is not a prerequisite
for our modified semi-classical method to work, it will
serve to make the application clearer.
Note that we are always solving the Wheeler-DeWitt
equation for the Lorentz-signature Bianchi IX models in
Eq. (13). The fact that our zeroth-order transport equa-
tion in Eq. (18) (upon substituting our Ansatz as given
in Eq. (15)) coincides with the Hamilton-Jacobi equation
for the Euclidean-signature Bianchi IX models is merely
an artifact of our method. It does not mean that we are
at any point solving the Wheeler-DeWitt equation for the
Euclidean-signature Bianchi IX models. In fact, the solu-
tion in Eq. (23) would be a zeroth-order solution to the
Euclidean-signature Bianchi IX models only if it were
exponentiated in the usual WKB way, eiS/~. But this is
precisely where our method differs from what has been
done in the past: we exponentiate Eq. (23) according
to our ‘modified Ansatz’ e−S/~. Hence, Eq. (23) is the
zeroth-order solution to the Lorentz-signature Bianchi IX
models, as we originally set out to do.
II. RESULTS
A. Flow Equations: ‘Equations of Motion’
From our Euclidean-signature Hamilton-Jacobi equa-
tion (22), write the Hamilton equations for our Misner
variables q = {α, β+, β−}:
dq
dt
=
∂(NHEuc.)
∂pq
∣∣∣∣
pq=
l0
2
G
∂S(0)
∂q
. (24)
With a convenient time-gauge condition on the lapse
function N = −√3 r eα−2β+ , the ‘equations of motion’
become:
dα
dT
= −1
6
(
e−6β+ + 2 cosh2
√
3β−
)
(25)
dβ+
dT
= −1
3
(
e−6β+ − cosh 2√3β−
)
(26)
dβ−
dT
=
1√
3
sinh 2
√
3β−. (27)
For convenience, we define the time-parameter T =√
3(t−t0). Our choice of t (and therefore T ) is such that,
while describing an expanding universe, t runs from some
finite t0 > 0 in a backwards direction to −∞. This is con-
sistent with the negative sign in our choice of the lapse
as N = −√3 r eα−2β+ . A word of caution is in order.
The ‘equations of motion’ (25)−(27) are mere artifacts
of our use of modified form of the Ansatz in Eq. (15);
they are not to be confused with equations of motion for
our original Lorentz-signature Mixmaster models. The
Euclidean-signature equations of motion (25)−(27) allow
us to calculate higher order quantum corrections S(k) by
defining the unique curve along which we can integrate
the transport equations (19). In other words, we may
write ∇S(0) ·∇ in Eq. (19) as:
∇S(0) ·∇ = 2 e2α+2β+
d
dT
. (28)
From here on, Eq. (25)−(27) will thus be referred to as
‘flow equations.’
B. Comparison with Belinskii, Gibbons et al.
Having obtained our equations of motion from the
Euclidean-signature Hamilton-Jacobi equation, we now
5compare with the results found in the 1978 paper titled
“Asymptotically Euclidean Bianchi IX metrics in Quan-
tum Gravity” by Belinskii et al [16]. They write line
element for the Euclidean-signature Bianchi IX models
using ωi variables:
ds2 = (ω1ω2ω3) dη
2 +


ω2ω3
ω1
0 0
0 ω1ω3ω2 0
0 0 ω1ω2ω3


ij
σiσj . (29)
We can read off their variables ω1, ω2, and ω3, which
relate to our α and β± as,
ω1 = r
2 e2α−β+−
√
3β−
ω2 = r
2 e2α−β++
√
3β−
ω3 = r
2 e2α+2β+ .
(30)
In contrast to our choice of lapse N = −√3 r eα−2β+ ,
Belinskii et al. choose a different time lapse of N˜ =
r3 e3α (denoted by a different time-coordinate, η). Our
equations of motion (25)−(27) are in full agreement with
their equations of motion for ωi:
dω1
dη
= ω2ω3
dω2
dη
= ω3ω1
dω3
dη
= ω1ω2. (31)
Solutions to these equations involve elliptic functions in
η; similarly, we will see later that transport equations for
S(2) and higher quantum correction terms all involve el-
liptic integrals. Our formalism and choice of lapse have
the advantage that the fundamental solution and the first
order quantum correction term can be expressed analyt-
ically in terms of elementary functions.
C. First Order Transport Equation
Putting k = 1 in Eq. (19), one can use the remark-
able property S(0) = 12S(0) [36] to write the first order
transport equation as:
12S(0) + 2BS(0) − 2∇S(0)·∇S(1) = 0. (32)
Using Eq. (28), we write the first order transport equa-
tion as an integral with respect to T :
dS(1) =
1
2
(
B + 6
) S(0)
e2α+2β+
dT
= −1
2
(
B + 6
) dα
dT
dT.
(33)
In the second line, we use the identity in Eq. (25). The
above equation integrates to give S(1) = − 12 (B + 6)α
plus any function that is invariant along the flow gen-
erated by S(0). Since we shall incorporate the influence
of such ‘constants-of-the-motion’ in our discussion of ex-
cited states, we exclude them from consideration as quan-
tum corrections to the ground state. This first order
quantum correction (as well as all higher order quantum
corrections) vanishes for a particular ordering (B = −6),
in agreement with [36].
D. Higher Order Transport Equations
Using Eq. (28), the transport equations for k ≥ 2 now
read:
−4 e2α+2β+ dS(k)
dT
+ kS(k−1)
+Bk
∂S(k−1)
∂α
−
k−1∑
n=1
(
k
n
)
∇S(n) ·∇S(k−n) = 0.
(34)
By integrating the transport equations order by order
in X = ~Gl02 , we can solve for all the quantum correc-
tion terms to the ground state solution. The second
and higher quantum correction terms involve elliptic in-
tegrals, and their global smoothness to all orders is dis-
cussed in Ref. [20]. The main emphasis of this paper is
to show the spectrum of discrete excited states and their
quantum corrections for the Bianchi IX models, to which
we now turn.
E. Explicit T -dependence
Before we delve into calculating the excited states, it
will be useful to simplify some of the subsequent analysis
by first obtaining the explicit T -dependence of our Misner
variables {α(T ), β+(T ), β−(T )} in our convenient gauge
of N = −√3r eα−2β+ . To do so, we integrate the flow
equations (25)−(27) along T from 0 to −∞:
e12α(T ) = e12α0−6β+0H+
(
h+ h−
)2
(35)
e6β+(T ) =
H+
h+ h−
(36)
e2
√
3β−(T ) =
h+
h−
. (37)
In the above equations, the following abbreviations were
used:
H+ = e
6β+0 − cosh 2
√
3β−0 + 12 (h
2
+ + h
2
−)
= e6β+0 + (h±)2 − (h±0)2
(38)
h± = e−T cosh
√
3β−0 ± eT sinh
√
3β−0. (39)
The initial values of the Misner variables at t = t0 (or
equivalently, at T = 0) are denoted by {α0, β+0, β−0}.
We will also find the following identities useful in the
next section:
cosh 2
√
3β−(T ) =
h2+ + h
2
−
2h+ h−
(40)
e2α+2β+ = e2α0−β+0
√
H+ (41)
e4α−2β+ = e4α0−2β+0h+h−. (42)
F. Excited States
For the excited states, we substitute the Ansatz:
Ψ = φ~ e
−S~/~ (43)
6in the same Wheeler-DeWitt Eqution (13), and we ex-
pand the wave function φ~ in powers of X =
~G
l02
, as
before:
φ~ = φ(0)+Xφ(1)+
X2
2!
φ(2)+ · · ·+
Xk
k!
φ(k)+ · · · . (44)
The function S~ is chosen to coincide with what was
previously defined for the ground state:
S~ =
l0
2
G
(
S(0) +XS(1) +
X2
2!
S(2) + . . .
)
. (45)
Note that for the excited states, the φ~ function will have
nodes where they become zero [18]. As such, we cannot
‘absorb’ φ~ into S~ and re-express them as some quantum
corrections to S(0); doing so would cause S~ to become
infinite at those nodes and thus contradict our expansions
of the Ansatz in powers of ~. By construction then, the
S~ in the excited state solution satisfies Eq. (17), and the
Wheeler-DeWitt Equation now takes the form:
~
(
φ~ +B
∂φ~
∂α
)
− 2∇S~ ·∇φ~ = 0. (46)
At zeroth order, the equation for φ(0) becomes:
−2 l0
2
G
∇S(0) ·∇φ(0) = 0
dφ(0)
dT
= 0,
(47)
where we use the identity in Eq. (28) in the previous
section. In other words, we want to find a combination
of α, β+, and β− that gives a function invariant in T .
From their explicit T -dependences, we define a pair of
functions that satisfy dΦ±dT = 0:
Φ± = e4α−2β+
(
e6β+ − e±2
√
3β−
)
. (48)
In order to maintain the natural 2pi3 rotational symmetry
in the overall solution, we further define C0, C1, C2 and
S0, S1, S2, which are related to each other under discrete
rotations of 2pi3 :
C0 =
1
12
(
Φ+ +Φ−
)
S0 =
1
4
√
3
(
Φ− − Φ+
)
(49)
C1 =
1
6
(
− Φ+ + 12Φ−
)
S1 = − 14√3Φ− (50)
C2 =
1
6
(
− Φ− + 12Φ+
)
S2 =
1
4
√
3
Φ+. (51)
Using the above functions, we may define a family of
approximate solutions that satisfy Eq. (47) and are in-
variant under rotations of 2pi3 :
Ψ(m,n) = φ
(m,n)
(0) e
− l02
lP
2 S(0)
= 13
(
C0
mS0
n + C1
mS1
n + C2
mS2
n
)
e
− l02
lP
2 S(0) .
(52)
Hence, the leading order excited state solutions are la-
beled by a pair of positive integers (m,n) that can be
plausibly interpreted as graviton excitation numbers for
the two independent anisotropy degrees of freedom. To
see why this interpretation seems natural, note first that,
to leading order,
e−S~/~ ∼ e−
l0
2
lP
2 S(0) ∼ e−
l0
2
lP
2 e
2α( 12+2(β+
2+β−
2)+··· )
,
(53)
which thus behaves, at any fixed α, like a Gaussian near
the origin in β-space (more and more sharply peaked the
larger α becomes). Next note that, near the origin in
β-space,
C0
mS0
n ∼ e4(m+n)α(β+mβ−n + · · · ), (54)
which, again for fixed α, has the form of the top or-
der term in the product of Hermite polynomials that
one would expect to see in the case of actual harmonic
oscillator wave functions [38]. Thus, at least near the
origin in β-space, our excited state wave functions have
features corresponding to those for actual harmonic os-
cillators at each fixed α. Figures 1−4 show 3D Plots
of Ψ(0,0), Ψ(2,0), Ψ(3,0), and Ψ(0,3) in β-space. As ex-
pected, Ψ(0,0) reproduces our ground state solution. In-
terestingly, Ψ(1,0) = Ψ(0,1) = Ψ(1,1) = 0, and so the first
non-zero excited solution is Ψ(2,0) = Ψ(0,2), whose node
is at the origin in β-space. The nodes of the higher ex-
cited states Ψ(3,0) and Ψ(0,3) are shown in Figures 3−4.
The ground state solution has a peak at the origin,
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FIG. 3. A plot of Ψ(3,0) =
−Ψ(1,2), with α = 0. Inset:
Nodes of the wave function
in β-space.
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FIG. 4. A plot of Ψ(0,3) =
−Ψ(2,1), with α = 0. Inset:
Nodes of the wave function
in β-space.
corresponding to the classically-forbidden isotropic FRW
7metric without matter. For the excited state solutions,
however, the most probable states are located away from
the origin (anisotropic metrics). We can write the trans-
port equations for higher-order quantum correction terms
of the excited solutions:
−4 e2α+2β+
dφ
(m,n)
(k)
dT
+ kφ
(m,n)
(k−1)
+Bk
∂φ
(m,n)
(k−1)
∂α
− 2
k∑
r=1
(
k
r
)
∇S(r) ·∇φ(m,n)(k−r) = 0.
(55)
III. DISCUSSION
The Bianchi IX models have been studied for over 50
years and remain a topic of study as recent as 2014 [15].
So far, no one has been able to calculate the explicit forms
of the discrete spectrum of excited states for the Bianchi
IX Wheeler-DeWitt equation, first conjectured by Mis-
ner in 1972 [3]. Employing a modified form of the semi-
classical Ansatz, we constructed both the ground and
the excited state solutions to the canonically quantized
Mixmaster models. For the Moncrief-Ryan solution to
the corresponding Euclidean-signature Hamilton-Jacobi
equation, we showed how the ground state quantum cor-
rection terms associated with the operator ordering ambi-
guities in the Wheeler-DeWitt equation can be computed
by integrating a set of linear transport equations along
the flow of the Hamilton-Jacobi solution. As mentioned
above, the (microlocal) methods of [18] can be modified
to prove the global smoothness of these quantum correc-
tions to all orders [20].
We calculated the explicit, leading order forms of a
family of excited state solutions labeled by a pair of posi-
tive integers that can be naturally interpreted as graviton
excitation numbers for the two independent anisotropy
degrees of freedom. The smoothness of these excited
state correction terms can also be handled by a modi-
fication of the arguments given in [18]. In order to help
in the physical interpretation of these excites states, the
author has submitted to the same journal another paper
in which a subset of the Bianchi IX family of models,
namely the Taub family, is investigated using a pertur-
bative approach [39].
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